
~~D-4O47 056 CORICIS W~IV ITHACA N T SCHOOl.. Off OPERATIONS RESEARC—CTC F/S 12/1
DCSIGtI OF £XPERIPCNTS FOR SELECTION FROM ORDERED FAMILIES OF DI—ETC(U)
AUG 77 .1 H HOOPER, t .1 SANTNER DAAS29—73—C—0005

UNCL.ASSIFZEO TR—350 pa.

_U

ENJD
fll_

S



-. — -

-~~~~~~~ - 

~~~~ ‘~ ---
~

•
~~~~~~~~~~~~~~~~~ ,

~~~~

SCHOOL (?~~~~
‘

~ OF
OPERATIONS RESEARCH
AND
INDUSTRIAL ENGINEERING

4

_ _ _  

_ _ _ _ _  

0

ii
COLLEG E OF ENGINEERING

COR~~~LL UNIVERSITY
I1~HACA, NEW YORK. 14853

I 
_ _ _ _ _I D1s1*aUTION TATEMENT A

j  APPIOV*d fox public rsIeaa~p Diø~ibut~on Unlimitsd



_ _ _ _ _ _ _ _ _  _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~

SCHOOL OF OPERATION S RESEARCH
AND INDU STRIAL ENGINEERIN G
COLLEGE OF ENGINEERING

CORNELL UNIV ERSITY
ITHACA , NEW YORK

c T ~~~D
~~~~~~~~~~~ HNIcAL REP~~~~~ O. 35O

~~~~~~~~~~~~~~~~~~ 77

C(
~~~~~~~

I~ Design of Experiments for Selection from

Ordered Families of Distributions. 
~

____ _ ___ - 

/ 0
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~‘ :~~~

?~
h
~~

T a5 JAantner

~~~~~~~~~~

Prepared under Contract tional ~~~~~~~~~~~~~~~~ ion ENG75-10487,
U.S. Army Research Off ic DAAG29-73-C-~~f~~~~~ 

DAAG29-77-C-flt~~~ Office
of Naval Research NOOOlL~

_ 7 — ~~U5~~6.

Approved frr Public Release; Distribution Unlimited .

U (&7
~ __ ~~S a  —~~ ~~~~~~-~~~~~~~~~~~ - - - ‘— -“ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - 

-



V ’ ~~~7~~~~V~~~ ~~~~~~~~~ -T
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  - ~~—- ~~~~~~~~~~ ~- 

-
~~~~~

-
~~~~

-

rr

1. Introd uct ion

G .ven a space S of cumulative distribution functions (cdf’s) and

a weak (reflective and transitive) order relation , <, on S, a subclass of

S is called an ordered family of distributions (with respect to G E S)

- - if  it has the form {F C S F ~~G}. Two familiar examples of weak

• - orderings are convex ordering and star ordering which yield the increasing

failure rate (IFR) and increasing failure rate on the average (IFRA)

families when G(x) = 1 - e~~~.

Weak orderings and the ordered family model assumption have proved to

be of considerable importance in the literature : (a) for providing

characterizations of skewness and kurtosis (Van Zwet (l96L~)) (b) in power

studies of certain rank tests (Doksum (1969)’ as models for the

lifetimes of coherent systems (Birnbaum, Esu~ ~ 
.1 Marshall (1966)) and

(d) as models for the lifetimes of systems subject to random shocks

(Esuary, Marshall and Proschan (1973) and Barlow and Proschan (1975)).

~~~~~~This paper studies the problem of designing a single stage experi~L_ .
ment for the selection of the distribution(s) with the largest ci-quantile (s)

where ~ c(O,l) is given and when the model assumptions are specified by

an ordered family of distributions . More precisely suppose observations
H

are to be taken from k populations labeled H
i
,... ,fl~ . r~r r~ach i in

(l ,...,k} let (a) F. denote the cdf of population 11., (b) V~~ r i }

be a random sample from fl U .  ( c)  x~(F.) be the cL-quantile of F.,

(d )  F[.]  be the cdf with the i~~ smallest ~-quantile, and (e)  ll( . )

denote the (unknown) population with cdf F
[~]. Then

< x (F[k] ) are the ordered ~-quantiles. Assume samples

from different 111’s are independent , there is no prior knowledge of the

1
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2 • 1
pairing of II~ and ~~~~ the F1’s come from a specified ordered

family of distributions, and the experimenter is interested in selection

of ti (k t÷ l)~~ ‘11(k ) ’  the t populations with largest ct-quantiles.

We adopt the preferred population formulation in which fl~ is called a

preferred population if x (F1
) is “close” (in a sense made precise in

Section 3) to x(F [k~~+l~
) and consider two classes of selection

problems:

1. selection of a subset of prespecified size s(r<t, r<s < k—t+r)

so as to include at least r preferred populations and

2. selection of a random size subset containing at most s(1<s<k)

populations so as to include at least one (r=1) preferred population.

The problem is to design the experiment so that (1) or (2) is

guaranteed with at least prespecified probability P~ no matter what

the true vector of cdf’s. This approach combines aspects of Gupta ’s

subset selection formulation (1956, 65) and Bechhofer’s indifference zone

formulation (l95~) and will be shown to be a strengthening of the latter.

Previous work on selection procedures for nonparametric problems can

be categorized according to (1) the parameter of interest for seiction,

(2) the formulation of the design requirement and (3) the model assump-

tions. One group of papers considers problems of selection for location

parameters or more complicated linear models usually under the assumption

that the error distributions are continuous and symmetric . They include:

Lehmann (1963), Bartlett and Govindarajulu (1968), Raridles (1970), Bhapkar

and Gore (1971), Purl and Sen (1972), Ghosh (1973) and Gupta and Huang

F (l97~ ). Related papers include Patel (1976) who considers the problem

of selecting the distribution with the largest scale parameter when the

common form of the distribution is assumed to be IFR and Gupta and McDonald

-~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~ -- -~~~~~~~~ —-- — .~~- .—- -.-.- ---—— ~ —~ —.—~ --m-.-.—~-
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(196)) who consider selection in terms of an arbitrary parameter under

which the distributions form a stochastically increasing family of distri-

butions. A second group of papers are those which consider selection in

• terms of a-quantiles. Rizvi and Sobel (1967), Rizvi, Sobel and Woodworth

(1968) and Barlow and Gupta (1969) study subset selection formulations of

the problem while Sobel (1967) and Desu and Sobel (1971 ) use an indifference

zone formulation. For a complete review of the literature see Lee and

Dudewicz (1974).

In contrast, the present work does not assume the F1
t s are

stochastically ordered by a location, scale or other parameter as do the

papers in the first group nor does it assume they are arbitrary continuous

cdf ’ 3 as do many of the papers in the second group. Rather the ordered

family assumption falls between these two extremes.

Section 2 studies weak orderings and the corresponding ordered

families. Sections 3 and 4 formulate a fixed size subset selection pro-

blem and a random size subset selection problem respectively and give

H their solution for two classes of distributions. Finally Section 5

describes some properties of the two classes of procedures considered in

Sections 3 and 4.
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2. Weak Orderings and Ordered Families of Distributions

Given a finite or infinite interval, I, of the real line , R, let F1
denote the set of distributions F which satisfy:

(1) F is absolutely continuous with respect to Lebesgue measure,

(2) S(F) {x c RJF(x+€ ) - F(x—€ ) > 0 V € > 0), the support of F,

is a convex set,

(3) S(F) c I.

In particular when I = R and [O,u3), F1 will be denoted as F and F0
respectively . For F s F

1 
define F 1(y )  on [0,1] as F ’(y)

inf{x c RIF(x) > y} where the infimum of the empty set is taken to be +~~.

Remark 2.1. For F,G c F the following hold

(I) S(F) is a closed interval of R

( ii ) 1(F) {x c R (O < F(x) < 11 is an open interval of R

(iii) F is strictly increasing on the open interval 1(F)

( i v)  F~~() is continuous and strictly increasing on (0,1)

(v) 4(x) G 1(F(x)) is the unique strictly increasing function on

1(F) such that if X has cdf F then 4(X) has cdf G.

A weak ordering, < , on F1 is a relation on F1 which is reflexive

and transitive . Every weak ordering < on F1 can be “extended” to a

partial order by first defining an equivalence relation ~ on F1 by

F ~ C <~~~ F < G and C ~< F. The resulting set of equivalence classes

{E(E’)IF c F1) is partially ordered by the relation < which is well defined

by E(F) < E(G) <~~~ F < C.

We now define a class of weak orderings which is a modification of a

class proposed by Panchapakesari (1969).

Let H be a set of functions h : -
~ I satisfying

h(x
1,

x
2
) < max{x

1
,x2

} V (x
1,x2

) c i2.

— ~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~~~~ --—~ ——~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ - -
~~~~~~~~ - - -~~~~~~~-- -——~ -————
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Definition 2.1. For F,C c F 1, 
F is said to be H-ordered wrt G (written

F C) <==> G 1F(h (x
1
,x2

)) < h ( G~~F(x
1
), G

1F(x2
) )  V h e H and

x1 , x2 
3 x1, x~ and h (x 1, x2 ) c 1(F ) .

Lemma 2.1. H ordering is a weak ordering on F1.

Proof. Reflexivety is straightforward . To show transitivity suppose

F G, C J and h c H and x1,x2 satisfy x1,x2 
and h (x 1,x 2 ) c 1(F).

Then G 1F(x
1
), G~~F(x

2
) and G 1F(h ( x

1
,x2)) c 1(G) and hence

(2.1) G
1Th(x

1
,x2

) < h (G 1F(x
1
), G

1F(x
2

) )

< max{G~~F(x1
), G

1F(x
2

)}

implies h (G 1F(x
1
), G

1T(x
2
)) E I(G) by convexity . So

J 1F (h (x
1,
x2

) )  = J~~GG
1F(h(x

1,
x
2

) )

< J 1G(h ( G 1F(x
1
), G

1F(x
2
))) by (2.1)

< h (J~~F(x1
), J

1F(x
2
)) since C

and the proof is completed.

The motivation for introducing il-ordering is that it provides a convenient

framework for embedding several well-known orderings .

Example 2.1. Let I [O,~
) and H 1 

consist of the ~ir ~~i funt~ti ’,ri

h (x
1
,x2

) = J x1 - x2 , x1 > x2

~
1
L 

0 , x1
< x

2. 

--—-~ —- - -—--
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Now h (x 1,x2) < max{x1,x2} for any x1,x2 
> 0 and so H1 is a weak

ordering on F0. Furthermore

F < H C <~~~ C 1F(t-x) < G~~F( t ) - G 1F(x) whenever x,t,t-x e 1(F)

< >  G~~F is superadditive on 1(F).

F In particular F ~
<H G(x) 1 - e

_X 
<~~~ ~ (t -x)~~(x)  >

~~(t) whenever x,t
1

and t - x C 1(F) where i~
(y )  = 1 - F( y ) <~~~ F is an absolutely continuous

NBU ( New Better than Used) distribution with convex support .

Before giving further examples recall the following definitions. For

F,G c F (1) F is convex ordered wr t C (F  ~< C) means C 1F(x) is
0 c

convex on 1(F) and (2) F is star ordered wrt C (F <~~ C) means G 1F( x )

is starshaped on 1(F) i.e. G~~F( Xx ) < XG 1F(x) whenever x,Ax c I ( F)

and X c [ O ,l]. Convex ordering was introduced as an alternative to the

standarized third moment inequality definition of skewness. Namely F C

is interpreted to mean “C is more skewed to the right than F” (see Van Zwet

(1964) pg. 9). Since the star shaped property can be thought of as a

weakening of convexity (see Bruckner and Ostrow (1962)), F .~~... C can also

be interpreted as an ordering according to skewness. For F,G ~ F, F is

said to be tail ordered wrt C (F .< C) i f f G 1F (x )  - x is nondecreasing

on 1(F). When F C then G is interpreted as having heavier tails

than F (See Doksum (1969)).

Example 2.2. Take I = fO ,~~) and H2 {h A I O  < A < 1) where

hA (x
l,
x2

) Ax
1 
+ (l—A)x

2 
< max {x 1, x2

) V Ae[ 0,l]; hence 112 
ordering is a

weak ordering. It is straightforward to check that F C <~~ > G~~F(. 
) i~

-

~

-- ~~~ - .-~
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• convex on 1(F). So 11
2 yields convex ordering .

Example 2.3. Again let I = [O ,°°) and define 113 (h
x )O A < 1) where

h
A

(x
l,

x2
) = Ax

1 
< rnax{x11x2} V 0 < A < 1 and so 11

3 
defines a weak

ordering. It is straightforward to verify that 113 y ields star ordering .

Example 2.4. Choose I = R and 11
4 

= {h
6 10 < 6 < Co) where

h
6
(x
1,

x2
) x1 

- 6 < max{x
1
,x

2
} VcS c [O,co)~ 114 ordering is a weak ordering

wh ich reduces to tail ordering.

The remainder of this section is devoted to deriving some properties

of st tail ordering which will be used in the later sections .

- 
it is straightforward to show that the set of distributions

equivalent to F c F0 under star ordering (F ~ F under tail ordering) is

E~(F) (F(6x)~0 
< 6 < ~} (E

~
(F) {F(x÷~ )1~ c R I ) , the set of all scale

changes (location shifts) of F.

Lemma 2.2 .

(a) For F,G ~ 
F~ , F ~~ G <=> 0

1
F(x)/x is nondecreasing on

R~(F) {x > O I F ( x )  < i}.

(b) For F,C ~ 
F , F C <‘~~> G~~F(x) - x is nondecreasing on

R(F) E ~x c RjF (x) < 11. 
- -

Proof. Write R~(F) as the disjoint union {x > OIF(x) = 0) u 1(F) and

vx ~ {x > OJF(x) = 0), G
1F(x)/x = G 1( O ) / x = -~~ and the result follows

sinc’~ G 1F(x)/x is nondecreasing on 1(F). The reverse implication is

obvious and the proof for is similar.

An important class of distributions preserving weak orderings are thr’

- - —- 
__s_ 

~~~~~~~~~~ a ——-~ - . c - -.—. ——- --~ -- -~ . - _ • )__ ~~ —-
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distributions of the order statistics. If X(q) (l~q~n) is the q~~ order

statistic based on ~~~~~~~~ iid F then PF[ X (q )  ~~x] B (F (x ) ; q , n)

-
~~~ where

B( p ;q,n)  = ( n -q) !(q-l) !  10 
~~~~~~~~~~~~~~

Theorem 2.1. If F, G c F 1 and F <11 C then B(F;q,n)  <
~ 

B ( G;q , n)

holds y 1 < q < n. The proof is immediate from the definition of II

—l —1 —1 —1
ordering since G F(x) C B BF(x) where B(s) and B (~ ) denote

B(x;q,n) and its inverse respectively.

The final part of this section will describe stochastic bounds for

several classes of distributions . For G in F 0 with 1(G) (O ,Co) and

0 < ~~~< C o  define

(2.2) F
~

( C ) = (F ~~ F0jF ~~~~~ G}

(2.3) F...(G ,~~) (F c F ,(G)jx (F) = 
~;}.

Remark 2.3. F~ (G) = F ..(G A ) V A > 0 where C
~
(x) E G(Ax) since V A  > 0,

GA 
C E

~
( G)  and F c  F~ (G) < > F ~~~~G <~ ‘F C

A 
F

Example 2.5. Let G(x) = 1 - e
_X 

or o as x > 0 or x < 0 respectively .

Then G~~(y) = -9.n(l-y) for 0 < y < 1 and F c F~
(G) <~=~> F is continuous

on [0,~°) and -th(1-F(x))/x is nondecreasing on R~( F )  < >  F is a

continuous IFRA distribution. In particular F
~
(G) F

*
(G
~
) VA > 0 where

C
A

(x )  = 1 - ~~~~~ x > o.

Associate with F
~
(G) the families of distribution

(2.4) F
~ ~

(xJ
~~
) = rc(xG ’(u),~

), x<~
x>~

(2.5) F
~ ~

(xI~~
) = fo , x<~ . 

-

x>F 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~
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where 0 < <

Remark 2.
~~~ 

C
1
F~~5

(k) and G
1
F~~~ ( I ~~

) are starshaped on

R~ (F ... (~~~) )  and R~ ( F ... 
~~
(
~~~ I~~~

)) respectively and x(F~. 5( k ))
x~(F~~~~ k ) )  = ~ . However neit~er F~~5(k) nor F

~~~~~~I~~
) is in F

0

and consequently neither is in F~ (G).

Theorem 2.2. For all 0 < < and F C

t I
F~~5

(~~I~~) st F ~st 
F~~( .k ) .

Proof. If R~(F) = (0,~~
) then x 0 ~~> F(x) = G (x )  = F~~ 3(x~~~) =

F:.~~~(xi~~
) = 0 and V 0 < x < 

~ ~ M

C
1
F(x)/x < G 1

F(~~) I ~ = G 1(ct ) / ~ < G
1F (y ) / y

F(x) < G(xG 1(c~)/~ ) < G(yC~~~(n)/~ ) < F(y).

If M = ~ co the proof is complete while if N < +~ then V y > N

F ( y )  = 1 > G(y C 1
(~~)/~~) and the result follows . See Figure 2.1.

Since bo th (F
~~~

(.k)1O < < ~o} and {F~~ (-k)lO < < oo) are

(stochasti.cally increasing) scale parameter families the result can be

s~~igh tiy strengthened as follows .

Corollary 2 .1. For 0 < ~~
‘ 

~ 
<

(a) F c FjG ,~~’)  ~ F<  1... ( j ~
) and

St , 9
(b )  F C F .(c,,E”) -. r., ( • j ~~) ~ F

,s st

Remark 2.5. can be ‘ hnwrj t h t  the bounds F
~~5

(
~~k) and F~~~(.k)

j

-- •-- —S.— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~—~~~~~~~~~~~
.-—---~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~
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• 
- are tight in the sense that they are the stochastically largest and smallest

distributions respectively satis fy ing Corollary 2.1.

G

~~~~~

) 

-

:1:: ~ TI

Fi gure 2.1

The analagous results for tail ordered families are as follows . For

C £ F with 1(G) R and ~ C R define

F~~
( G )  = (F C FIF  

~~ 
G}

L-: *J . 
_ _ _ _ _ _  

- --A
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F
~
(G ,

~
) = (F c F

~
(C)!x

~
(F )  =

• F
~~5

(xk) [r (x + G~~(a) - ~ x<~
1 , x>~

J 

F
~~~

(x k )  = [0 
—l 

,

LG(x + C (ci ) — ~) , x>~~.

Example 2.6. When G(x) = l/ ( l+e~~~) , X C R then C 1(y) = -th((l-y)Iy) on

i t (0,1)

F
~
(C) = F C F~ ~

(t+x)/F(t+x) 
< e x 

V x > 0 and t C

L.
(t-i-x) C 1(F )

where ~ (y )  = 1 - F (y )  is the reliability function of F. In words

F (c) is the set of all continuous distributions such that the ratio of

the odds of surviving beyond t+x to the odds of surviving beyond t is

uni fo rmly  bounded above (in t ) by e X
.

Remark 2.6. G 1.F t 5 (x k )  - x and G~~F~~~( xk)  - x are nondecreasing °n

{x C R I F t (x j - ~) < 1) and {x c R I F t 1( x I ~~) < i) respectively and

x
~

(F
t 5
(.k)) = x

~
(F t~~

( . k ) )  = ~ but neither is in F and hence not

Ft ( G) .  Both {F~~5( k ) I ~ C RI and {F
~~~

( . )
~ ) I ~ 

C RI are (stochastically

increasing ) locations parameter families .

Theorem 2 . 3 .  For all ~ C R and F C F
~
(G ,O, F

~~5
(k) 

~~~ 
F 

~~~ 
F~~ 9

(
~~I O .

The proof is similar to that of Theorem 2.3.

:-

~
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Corallary 2.2. For ~~‘ 
< <

(a) F C F
t
(C,

~
’) —

~~ F 
~st 

F
~~~
(.k)

(b )  F C F
~

(G ,
~~

”) 
~~

> F
~~5
(k) 

~st F.

- 

. Finally it should be noted that F
~ 5(-.k) and Ft~~

(.k) are the

stochastically largest and smallest distributions respectively satisfying

Corollary 2.2.

- 1

-., -~~~ •~~-. ——- .,-
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3. Fixed Size Subset Selection Procedures

3.1 Preferred Population Formuat ion

When faced w ith the problem of select ing at least r of the t best

of k populations (l<r<t<k) an experimenter may well be indifferent

between the selection of one of the t best populations and one of the

(k-t) worst populations when they are sufficiently close together . This

is the rationale of the indifference zone formulation (IZF ) of selection

problems in which the procedure is only required to guarantee correct

seJ-ection (Cs) wi th prespecified probability , P’, when the t~~ and

(t+l)~~. best populations are sufficiently “far” apart (see Mahamunulu

(1967)).

Alternatively , if the t~~ best and one of the (k-t ) wor st popula-

tionr~ are sufficiently “close” so that an experimenter would be satisfied

with th~ selection of either one then one can define a preferred population

as any popuaat ion satisfying this criterion and a correct selection as the

~~ sele t ion of at least r preferred populations. The preferred population

formulation (PPF) requires the procedure make a correct selection with at

least pr~ h-~bility P~ no matter what the true vector F of distributions.

Suppose x (F.) c E where E is a known interval of the real line .

Then following Saritrter (1975 ) consider measures of closeness to

defined in terms of a function p: E R satisfying :

(3.1) p() is continuous

(3.2) p(~~) > y inf{~ C El V ~ £

(3.3) p(.) is strictly increasing on E’ {~ C E~p(~) > ‘r}

(3.4) p~~~) < V &  C E ’ .

Defin~t o n  ~.1. is a preferred population (relative to i ( ~~
) )  i f f

x (F.) > p (x (F[k~~÷l]
)).

______ ~~~--- ~~ — --—- —~~~—.. —~~~- .—~~-~ - - .——.—- -~—~~~~~~ -. ~~~--~
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Clearly at least k-t+l ’ • . ~ Jt
(]< ) 

are preferred populations and the true

population configuration will contain between t and k preferred lI
j
’5.

Remark 3.1. The PPF yields a strengthening of the probability guarantee over

the IZF. Consider the problem of selecting the t (r=t) best ir . ’s when

the true F £ ~ ~~ where ~~ ‘ = (F C c2 J x  (F [k t]) > P(X
a

(F
[k t+lJ

) )}  and

F’ = ~‘JZ’ are the indifference zone and preference zone respectively.

The corresponding problem based on the PPF is to select at least

t preferred populations (relative to p( )). For F C ~~‘ the t

best populations are the only preferred ~~~~~~ and both the IZF and PPF

guarantee their selection with probability P~ . For C ~~‘ the PPF

still guarantees the selection of at least t preferred n •’s while the

IZF guaran tees nothing.

Two specific choices for p () are now derived. Recall that for

F C F...(G) any scale change of F(x), say F( 6x) , is equivalent to F(x).

Hence we require that 
~~
. be preferred relative to 

~~k-t+l 
independent

of the selected measurement units . More precisely this means it. is close

to 
~(k- t÷l) 

when F. C F,,.(G ,E’ /ô ) and F
[k t+l] C F.,.(G ,~ /o) independent

of 6 > 0, i.e. p (S) must satisfy V ~~‘ , ~ C (0,~~)

(3.5) ~~
‘ > p(~~) < >  F~’/ 6  > p(~ /tS) V 6 > 0.

It can be shown that the unique p () satisfying (3.1) — (3.5) is

p(~~) = c~~ where 0 < c* < 1. In the tail ordered case a similar argument

based on the location invariant classes E
~
(C) leads to the choice

p (F~) = - d~ where 0 < d* < ~~. Hence i t.  will be called preferred in

the star (tail) ordered case iff x(F ,) > c
~

x ( F
[k t+l]

) (x
~

(F
[k t+l] 

- d*). 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _
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In the remainder of the paper C is a fixed distribution in F0
(F)

with 1(C) = (0,Co) (R) in discussions of the star (tail) ordered model.

Let

(3.6) a.,. = (F  (F
1
,... ,Fk )I F. C F...(G)V i) and

= (F
1

, . ..  ,Fk )IFi C F~(G) V ~
} .

Given t(1< -t<k), r(l<r<t), s(r.zs<k-t-t-r ) and a (0<cL<l) the goal is to

select a subset of size s containing at least r preferred populations

(a correct sect ion) .  Note that for k - t + r < s < k a correct selection

must automatically occur . Let N rnin{n > ill < (n+l)j < n} and for

each n > N define the procedure .

R
1
(s,n): Take independent random samples of size n from each population

and select ii . <=> T. > T
[k s+l] where T

f1] < ... < T[k] are

the ordered sample ~-quantiles T
1,. .. ,Tk.

min (t,s} t k- kDesign Requirement: Given P~C ( 1L ~~~~~~~~~~~~~~ and 0 < c~
’ < 1

(0 < < ~ ) determine the smallest n > N so that
— o.

(3.8) P
FCCSI 

R
1
(s ,n ) ]  > P~ V F e

where the event [CSI R
1
(s,n)J denotes a correct selection using R

1
(s,n).

3.2 Selection from Star Ordered Families

For fixed a c ~0,l) it follows without loss of generality from Remark

2.3 that C can be choo~sen so that G 1(a) 1. Define the following

subsets of ~~~~~ For 0 < < and t < i < k let

~~~- , -~~~~~~~~~~~•—~ ~~~~~~~~~~~~~~~~ - . - —-- —~~~ .~~~~~~——~~~-
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C 
~eIX 

(F[k i]~ ~ 
c*xa

(F [k_t+l]) < X ( F
[k i l l )) , t<i<k

(3.9) c~..(i) =

C Q*IC Xa
(F [k t+l]~ 

< X
a
(F [l] )) , i=k ,

(3.10) = (F C cLIX (Fik t+l]~ 
=

(3.11) C~ (i ,~ ) = c~ (i) fl

k
It follows that ~I,.. = U ci~ ~. = U U cl.(i,E )  and, for example, Q

~
(i ,F

~
)

‘
~
‘ 

~>0 i=t
is the set of configurations for which there are exactly i preferred

populations and the t~~ smallest a-quantile is E .

It is easy to see that for C c
~
(i) where r + k - s < i < k

that P ICSIR (s,n)] 1. Hence inf P [CSIR
1
(s,n)] = mis inf P [CS(R

1
(s ,n ) ]

1

where 1 = (itt < i < r + k - s}. For C Q,. and i C 1 define

r 
T(i) sample a-quantile from

W. ri~~ largest of (T(k.+l),...,T(k ) } and

k 
- A. (W . > at least (r+k-s-i) of T(1)~ . . .,T(k i ) ) .

Remark 3.2. It can be shown that the A
1
’s form a nondecreasing sequence

of events and that X
A 

( T ) ,  the characteristic fun ction of A ., is non-
1 1

increasing in any of T(1)I. . .I T(k i) and is nondecreasing in any of

T(k i+l),. . ~~~~~~ This latter property and an application of Theorem 2.1

implies that P~ [A .] E
~
[x A (Z)] is nonincreasing in any of F111,... oFik .]

~~
•- -  

I 

and is nondecreasing in any of F[ki ÷l],. . . ~F[~~ under stochas tic ordering

- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  __________________
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< (see Mahumunulu (1967) or Alarn and Rizi (1966)).
st

Lemma 3.1. inf P {CSJR (s,n)] = inf P [A.] for i £ 1.
— 

c2 ,.(i) ~ 
1 Q...(i,l) ~

• Proof. Pick C ~~~~~~ then P
~
[CSIR 1

(s,n )]  = P
F

[A .] = P~ [W ./~ >

at least (r+k-s-i) of T /F ,. . . ,T . /~ ]. Now T’ = T/~ has the
(1) (k— .~)

vector of cdf’s F’(x) = (F
1
(-Ex) ,. . .,F~~-~x)) which is in ~(i ,1) by the

equivalence of F. under scale changes and the definition of preferred

it .. So P
~
[A.] = PF, CA.] and the proof is complete.

Remark 3.3.  An equivalent way of viewing the proof of Lemma 3.1 is as an

application of invariance . The problem is invariant under the group of all

possible common scale changes of the raw data. Hence the risk under a

0-1 loss structure becomes the probability of incorrect selection and is

constant over orbits - the orbit of F consisting of all common scale

changes of the components of

Next a lower bound for P~[CSI R
1
(s ,n)] over F c is obtained .

Given i e I an d F C 
~~
(i,1) it follows from Corollary 2.1 that

F111 ~st 
F~~~( ~I c~ ) 1 ~ i ~~~ k - i

(3.12) F~~5
( I1) 

~st 
F111 k — t + 1 

~ 
j < k

F~~5
(~~Ic~ ) <st 

F111 for any other

since x (F . )<c~ for 1 < < k - i, 1 < x (F  . ) for k - t + 1 - j - ka [j ]  — — — — [1] — —

and C~ < X (F r .]) for all remaining j’s. Let F(i) be any corifigliratkna
having k — 1, t and i — t (if I > t) components of the types

F~~Q(~~Ic~ ), F...~~
(.I1) and F,~ 5(J c

5) respectively . Then

~~~~~~~~~~~ —-— - ~~~~~~~~~~~~~~~ -~~~~~—-~~~~~~ - - -- —- -~~~~~~~~~~~--— - - ~~~~ —-
~~~~~~~~~~
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~ F 8 I R l~~ ,n1~~1 = Pr
[A. ]

> P~~ .~ [A.] from (3.12) and Remark 3.2

> P~~ i~ [A~] since At 
C A.

> P
~
.
~t~

[A
~
]

where the final inequality holds since when i > t the j~~ (k-i+l<j<k-t)

ordered component of F(i) is F~ (.Ic *) .<
t F,.. j ( • I c *), the

S

ordered component of

To calculate the lower bound PF(t)
[A
t
] let

IH(y) = B(B(y); k-t-s+r, k-t)
(3.13) (

J(y) = B(B(y); t—r-i-l, t)

where B (y )  = B(y; q,n ) ,  q = [(n +l )a] and [~ ] denotes the greatest

integer function. Hence H(F
*~~

(yl c’)) is the c~f of the

(k-t-s+r )~E~ smallest of (T(1)I.. . ,T(k t ) } and J(F
~~5

(yIl)) is the cdf

of the (t-r+l)!.~2. smallest of (T
(k t+l)~

. .. ,T(k ) } all under

Therefore

P F (t ) [A t ] = 

~: 
H ( F ~~~ ( y I c ~ ) ) d J (F~~5(y l 1) )

= I * H ( G (y /c~ ) ) d J ( G (y ) )
C

+ H(G(l/c~
) ) ( l — J( a ) )

- = ja H ( G ( G~~(y)/c*))dJ(y)
G(c*)

+ H (G ( l/c~ ))(l—J(a))

= F ~~~~~~s,~~~~~~~~~~~ sim~~y F ~~ 

_ _ _ _ _
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Since F(t) ~ a... (the component distributions are not in F...(G)) it is not

immediate that F is the infimum of the PCS over cl. The next result

establishes that this is the case.

Theorem 3.1. inf P~[CSjR 1
(s ,n )] = F”(r ,t,s,k,c~,c~ )

Proof. From Lemma 3.1 and the discussion above it suffices to exhibit a

I
sequence of configurations {~

‘.} in cl.,. so that u r n  P
~~

[CSIR 1(s,n)] = F~.
]~+Co 

~J
A sequence in cl... which approximates ~(t) is the obvious candidate. Let

L S [1/c*] + 1 and for j > L define

.-10 ,~~~ < C  — 3

F~~ 1
(y )  G [ j (y  - (c~-j~~

) ) ]  ,c - 
.-l 

< y ~ c*

G( y/c~~) ,c~ < y

, y< 1

F .(y)
— s ,J

G(1+j(y—1)) ,1 < y.

Then F Q .(~~) ~ F~ ~(~~c~~
) — H( F .(~~) )  

~ H ( F~. ~~~jc
’
~)) and

,) , ,J ,

F . ( )  ~ F... (dl) ~~ J (F  .( ) )  
~ J(F~ (.Jl) where denotes w’:~ik

S ,3 , S S ,J ~~,S

convergence cf distributions . Furthermore FQ . C F
~

(G ,c
~
) and

F . € F.~(G,1) and so F. with t components F . and (k-t)
s,J ,‘.,J

component s F
5 1  

is in cl
~
(t). Therefore 

~~~~~~~~~~~~~~~~~~~~~~~~~ - -  -~~ --~~~~~~~~ -~~~~~~~~~~ - --— ---~~~~ - - - --- -~~~~~~~ - - —~~~~~~~~~~~ — - -  ---- - - - -- • ~~~~~~~~
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P
F

[A
*
] =i: H F ~~1

y d J F
5 1

yfl

*
= ç H (F

~~1
( Y ) ) dJ(F

* 5(yIl)) 
+ J~ 

H (F
*~~(yI

c*) )dJ(F
5 j

(y ) )

since F~~1
(y )  = F~~~(y~c”) on [c~ ,ao) and

: F .(y) = F
~ ~~~ 

on [0,1)

= H(F~~ 1
(y ))dJ (F~~ 5(y I 1) )  + 

~: 
H ( F

*~~(ylC
*) ) dJ(F

s j
(y ))

since F,.~~ (yI c”) = 0 on [O ,c*)

-
~~ a + i: ~~ (y j dJ ~ ul1)) =

where the first convergence follows from dominated convergence since

H ( F
~~1

(Y)) + 0 a.e. [J(F
~~5

(.Il))] on [0,c~] and the second follows

from the weak convergence of J(F5 •(-)) 
to J(F

~ ~
(-Il)) and the fact

‘3
t hat H (F~~~ ( Ic *) )  is bounded and continuous a .e .  [J (F ~~ 5

( I l )]  on

[0 ,co). The proof is completed .

It can be shown that F* ~ as n -‘- and hence (3.8) can be

guaranteed by a finite n for any P~ < 1.

I - 

~l 
x2~n(l-c*) 0•

Example 3.1. Given a C (0,1) choose G(x) = 
— e : ~ 0

’

cl~ is then all configurations of continuous IFRA distributions. Note

that G() is choosen so that C ‘(a) 1. Suppose it is desired to

select at least r = t preferred populations . In this case

j  
—— -— — —— — —— ~~~~~~~~~~~~ p ~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~~~~~
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S

= tJ B(B(l - [l_x]lk ) ;  k-s, k-t )dB(x)n l_ (l_a)C

+ B(B(l_ [l_a]lk ) ; k-s, k-t)(l - B(a))t

For computational purposes it is desirable to remove the composition of

incomp lete beta funct ions from inside the integral. After an integration

by part s and a change of variables F~ becom es

1/c:.l— ( l - c & )
(3.1k) 

~k-s~ Ja 
(1 - B(l - [1~y]C ) ) t (1 - B ( y ) )S t dB

k 5 (y)

+ (1 - B(l - (l_a)C ) ) tB(B(a); k-s, k-t)

Expression (3.14 ) was evaluated on Cornell University ’s IBM 370/169

computer using a procedure based on Simpson ’s rule (see Shampine and

Allen ( 1973)) .  Tables 1,2 and 3 give the smallest odd sample sizes

required to meet ( 3 . 8 )  for a = • 2 5 ( . 2 5 ) . 7 5 , c~ = .65 , .70 , p~ =

.75 , .90, .95, k = 2( 1) 9, t l(l)[k/2], r = t , s = t(l)[k/2].

i~rie measure of the cost of using the nonparametric procedure

R1
(s ,n) is obta ined by comparing the sample size required by R1(s ,

n)

to achieve a specified P’ to that required by the best procedure for

the parametric problem with exponential populations . ~up~~- e -ri~ ha~;
-~

,‘e.
cdf F (xIO .) 1 - e 

1

, X > 0 where 0. > 0 hut unknown 1-h’ . r

x (F.) = -0 . ~n (l-a) ~~~
— x (F (

~~IO .)) > C
~
Xa

(F
[k t+]

) <
~~~~ 

°i 
> C O

[k tfl]

where 0 . is the i~! ordered 0 .. In this case the optimal selection[ii

procedure is the n atura l procedure based on sample means rather sample

~

-

~

--

~ 

- 
_ _ _ _ _ _ _ _ _ _ _ _  -~~~~~~~~~--~~~~~-- ---~~~~-~,--- --—- —---5 - -— _-~~~~~~~p -
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k t s .75 .90 .95

2 1 1 39 87 131
3 1 1 55 115 163
4 1 1 69 135 187
4 1 2 27 67 103
4 2 2 87 155 211
5 1 1 79 147 2-03
5 1 2 35 79 119
5 2 2 103- 179 235
6 1 1 89 159 215
6 1 2 43 91 131
6 1 3 23 59 95
6 2 2 119 195 255
6 2 3 59 115 155
6 3 3 127 207 267
7 1 1 97 169 - 191
7 1 2 ‘47 99 143
7 1 3 27 67 103
7 2 2 127 211 271 - -

7 2 3 71 127 171
7 3 3 143 227 287
8 1 1 103 ~77 235
8 1 2 53 107 151
8 1 3 31 75 111
8 1 4 23 59 87
8 2 2 139 219 

- 283
8 2 3 79 139 183
8 2 4 55 99 139
8 3 3 155 239 299
8 3 4 91 151 195
8 4 4 163 247 307
9 1 1 109 183 243
9 1 2 59 115 163
9 1 3 35 83 123
9 1 4 23 63 95
9 2 2 147 231 291
9 2 3 87 151 195
9 2 ‘4 59 111 147
9 3 3 167 251 313
9 3 ‘4 9~ 163 211
9 ‘4 4 175 2 6 3 325

Table 3.1. Sample sizes required by R
1

(s ,n) when selecting from
when G(x) = 1 — e~ with a = .25 and c~ .65.

-~~ ---  - -~~~~~ ~~~~~-~~~~-- - - --~~~~~~~~~~~~~—--- -~~~~~~~~~~~~~~~~~~ -- --  ---. - - ~~~~~~~~~~~~~~~ ---- ~~~~~~~~~-~~~~~~~~~~~~~ -- --5- -~~~—---- - - -— ~~~~~~~~~~ - -  -~~~~~~~~
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c~ = .65 c~ = .70

- 

T - k t s .75 .90 .95 .75 .90 .95

2 1 1 19 45 67 27 65 97
3 1 1 29 59 85 43 85 123
‘4 1 1 37 69 97 53 101 141
4 1 2 13 33 51 19 47 73
‘4 2 2 43 79 109 63 117 157
5 1 1 43 77 105 61 113 153
5 1 2 17 39 59 25 57 85
5 2 2 53 91 121 77 133 177
6 1 1 147 83 111 69 121 163
6 1 2 21 45 67 31 67 97
6 1 3 11 29 47 17 ‘43 67
6 2 2 61. 101 131 87 1147 191
6 2 - 3 31 57 79 43 83 115
6 3 3 65 107 137 9 5 155 199
7 1 1 51 87 117 75 129 171
7 1 2 25 51 73 37 73 105
7 1 3 13 35 51 19 ‘49 75
7 2 2 67 107 139 97 155 203

— 
7 2 3 35 65 87 51 95 127
7 3 3 73 115 147 107 169 2 15
8 1 3. 53 91 121 79 135 179
8 1 2 27 51 79 ‘41 81 113
8 1 3 17 30 57 23 55 83
8 1 ‘4 11 29 ‘45 15 41 63
8 2 2 71 113 1145 103 165 211
8 2 3 41 71 95 - 59 103 137
U 2 14 27 51 69 37 73 101
8 3 3 79 123 155 117 179 225
8 3 14 47 77 101 67 111 1145
8 ‘4 14 83 127 159 121 185 231
1 1 1 57 95 125 83 1 1’I 1145

‘I 1 2 3.1 59 83 8/  2
‘~ I 3 ~1 () ‘~ 3 61 ‘2 /  4,
( 4  

~ 14 11 31 49 17 4 S
9 2 2 75 119 149 109 173 2 19
9 2 3 ‘4 5 77 101 65 111 1 14 5
9 2 4 29 55 75 43 81 109
9 3 3 85 129 161. 125 189 235
9 3 ‘4 51 83 107 75 121 .1.55
9 14 ‘4 89 135 16 7 131 193 2’1 3

~~~ 

T a b l e  3 .2 .  Sample siz~ s requ ired by R 1(s ,n )  when selecting fro m a ...
when G(x) 1 - e~~ with a = .50 and c~ = .65, .70.
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c~ = .65 c~ = .70

P~

k t s .75 .90 .95 .75 .90 .95

2 1 1 15 33 51 21
3 1 1 21 45 63 33 65 93
4 1 1 29 53 73 ‘41 77 105
‘4 1 2 11 27 39 15 35 55
‘-4 2 2 33 59 81. ‘47 87 119
5 1 1 33 57 79 45 85 115
5 1 2 13 31 43 19 ‘43 63
5 2 2 41 69 91 59 101 133
6 1 1 37 63 85 53 91 123
6 1 2 17 35 51 23 51 71
6 1 3 11 23 35 II 31 51
6 2 2 ‘45 75 99 67 lii 1143
6 2 - 3 23 43 59 35 63 85
6 3 3 49 79 103 71 115 149
7 1 1 37 67 89 57 97 129
7 1 2 19 39 55 27 55 79
7 1 3 11 27 39 15 35 55
7 2 2 ‘49 81 105 73 119 151
7 2 3 27 ‘49 65 39 71 95
7 3 3 55 87 111 81 127 161

-~~~~~~ - 8 1 1 ‘41 69 93 61 101. 135
8 1 2 21 41 50 29 61 85
8 1 3 13 29 43 19 41 61
8 1 4 7 23 31 11 31 47
8 2 2 53 85 109 79 125 159
8 2 3 31 53 71 • ‘43 77 103
8 2 4 1.9 39 51 27 55 75
8 3 3 61 93 117 87 135 .1.69 

—

8 3 L
~ 35 57 75 5.1. 83 107

8 ~4 14 63 95 119 91 139 173
9 3 1 145 73 95 65 105 130
9 1 2 23 ‘-4 5 63 33 65 91
9 1 3 15 31 ‘-47 21 145 67
9 1 14 11 23 35 15 35 51
9 2 2 57 89 113 83 129 165
9 2 3 33 57 ‘/5 ‘4 9 83 109
9 2 14 23 43 57 31 59 81
9 3 3 OS 97 121. 03 1141 177
9 3 14 39 63 79 SS 91 115
9 14 ‘4 67 101 125 00 l’i7 381

T h h l -~~ L 3 . Sample sizes required by R1
(s ,n) when selecting from cl...

when G(x) = 1 — e 
X 

with a = .75 and c~ .65, .70.

L.~, & _~~~. .~ .- .. .. ~~~~~~~~~~ - —-~~ -~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~ - -—-~ •—-- -~—- - .4
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• a-qua nti le~; (E aton ( 1 9 b7 ) ) .  Denote th i s  procedure as RM (s ,n ) .  It is

keasy seen tha t for cl = (0,°’)

• 
inf P O {CS I RM (s ,n ) )  = J }~(r(y~c*,n))dJ(r(y~l,n ) )

ry -w/0 n-i
i ewhere r ( y l o ,n)  dw.
~O (n—l)! O

~

when r = t this integral reduces, after a change of variables, to

(3.15) (k-s)(~~~ ) J {i - r(c~ r
_l

[xI 1,n]Il ,n)}
t x~~

5
~~(l_x)

5_t
dx.

Expression (3.15) was evaluated using an algorithm based on Simpson’s

rule. Table 4 contains the smallest odd sample signs required to satisfy

(3 .16) inf PO[CSIR M
(s ,n)] > P

for c~ = .65. .70, P~ = .75 , .90 , .95 , k = 2(1)9, r = t = 1(l)[k/2] and

s t(l)[k/2].

These calculations how that the exponential procedure requires roughly half

as many observations as the non parametric IFRA procedure.

3.3 Selection from Tail Ordered Families

F ix C’ c F satisfying I(~~’) = R and a C (O ,1). Choo~-e ~ r E~
(
~~’ )

-l .!
~ 

.

so that G (a) = 0 and for d C (0 ,oo) define

: 

. . -
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c~ = .65 c~ = .70

P~ P~

k t s .75 .90 .95 .75 .90 .95

2 1 1 7 19 31 9 27 43
3 1 1 11 27 ‘-41 17 39 59
4 1 1 15 33 ‘-47. 23 47 67
4 1 2 5 15 23 - 7  21 33
‘ 2 2 21 39 53 29 57 77
5 1 1 19 37 51 27 53 73
5 1 2 7 19 29 Il 27 41
5 2 2 25 45 59 37 65 85
6 1 1 21 39 55 31 57 79
6 1 2 9 23 33 13 33 47
6 1 3 5 13 21 7 19 31
6 2 2 29 ‘49 63 43 71 

- 
93

6 2 3 - 15 29 39 21 39 55
6 3 3 33 53 67 47 75 97
7 1 1 23 43 57 33 61 83
7 1 2 11 25 35 17 37 51 —

7 1 3 7 17 •25 9 23 35
7 2 2 33 53 

- 
67 ‘47 77 97

7 2 3 17 33 43 25 45 61
7 - 3 3 37 57 71 53 81 103

It - 8 1 1 25 45 59 35 65 - 85
8 1 2 13 27 39 19 39 55 I -
8 1 3 7 19 29 11 27 41-j 8 1 4 5 13 21 5 19 29
8 2 2 35 55 71 51 81 103
8 2 3 21 35 47 29 51 67
8 2 4 13 25 33 17 35 49
8 3 3 39 61 75 57 - 87 109
8 3 4 23 37 [40 33 55 71
8 ‘4 ‘4 ‘;i 61 77 59 89 111
9 1 1 25 ‘47 61 37 67 80
9 1 2 15 29 ~41 21 ‘13 59
9 1 3 9 21 31 13 20 143
1 1 ‘4 5 15 23 7 - 21 33
‘1 2 2 3’/ 57 73 53 83 105
‘
~ 2 3 23 37 49 31 55 71
14 2 ‘4 15 27 37 21 39 53

~ 

3 3 41 63 70 61 91 113
‘4 3 4 25 

- 

‘ii 53 37 b9 7S
4 14 45 65 81 63 95 117

Table
• 

3 . .~~ Sam; ~~- - sizes required by RM
(s ,r

~
) when selecting from

exponenti5i~ populations with a arbitrary and c~
’ = .65 , .70.
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(3.17 ) {~ C F. ~ G V I < i <
-S t 5’. i t  — —

(3.18) CF C cl lx (F
[k i]~ 

= U ,~~ C R ,

c cl
t a (F [k i]

) Xa(F[k t+l]
) - d~ < x (F

[k 
j
+l~~~~’ 

t<i<k

(3.19) cl (j)

C cl
t X a(

~~[k_ t i ~l]
) — d~ 

< X ( F [1]
)}

(3.20) cl
~

(i ,
~~

) = D
~
(i) fl

k
It follows that 0 U o = U U 0

~
(i,

~~
). By using location

~ CR ~~ ~C R i t

invariance arguments similar to the scale invariance argurnent~ of Lemma 3.1

it can be shown that

Lemma 3.2. inf P[CSIR ,(s,n)] mm inf P [A.]
O
t 

iCI

where A. and I are defined as in subsection 3.2.

From the stochastic bounds developed in Corollary 2.2 for F C F
~
(G)

and arguments similar to those preceding Theorem 3.1 a tigh t lower bound ,

Ft, can be constructed for inf P [CSIR
1

(s ,n ) ] .
t- - I -

Theo rem 3 . 2 .  inf P [C S J R 1(s ,n ) ]  = P
F(t)[A

t
] = F~ Ft (r ,t ,s,k,a,d*)

where F ( t )  is any confi guration with t components F
~~~

( . I s )  and
(k-t) components Ft~~ ( . l _ d *) and

-——~~~~~~~~~~ - -‘ ~~~~~~~~~~~~---~~~~~~ -rn ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~--- ‘~~~~~~~~~~ ~~~~~~~_ _ _ 5 _ , _~~~~~~~~~~~~~~
_
~~~~~~~~ ,--
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(3.21) F
t 

1

a 
H ( G ( G 1(y )  + d*) ) dJ (y )

r~ G(-d’~)

+ H( C(d*))[l - J(a)].

Remark 3.4 The proof of Theorem 3.2 consists in constructing a sequence

- - of configurat~.ons in such that the corresponding sequence of prob-

abilities of correct selection converge to F
t
. It can also be shown

that F~ 
-

~ 1 as n -
~ ~ and hence ( 3.8)  can be guaranteed for any

...
F” < 1.

- - - 5- - —- -—- - 
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14~ Random Size  Subset Selection Procedures

• 4.1 Preferred Population Formulation

When the goal of an experiment is to screen a large number of populations

to obta in a more manageable subset containing at least r preferred popula-

tions then the procedure R1
(s ,n) has the undesirable characteristic of

5ilw5iy~; selecting a subset of size s. This section studies the random size

restricted subset selection procedures introduced by Gupta and Santner

( 1973) and Santner (1975). These rules are characterized by the properties:

( 1) the experimenter specifies an upper bound , say s , on the size of the

selected subset and (2) the procedure is able to capitalize on configura-

tions favorable to the experimenter by selecting fewer than the maximum

number of s
1

Following Santner (1975), restricted subset selection procedures will

be defined in terms of a sequence of functions ~‘ {~p~ }~~3, “n 
-

~

satisfying :

(14 .1) V ~ an~ Yn, ~~~~ >

~4.2) V ‘
~n 

is continuous and strictly increasing and

(4.3) V ~ e E, 4Pn(U 
-

~ ~ as n -‘ ~~ .

Example 4.1. For = (O,~~) take ~~~~ = ~~e(n) where p C(i,°’) and

{e(n)} is any sequence of positive numbers converging to zero as n -
~~ ~~ .

Example 4.2. For E R take q,
0
(~~) = ~ + e(n) where e(n) is as in

the previous example.

For specified a C ( 0 , l) , and each s in (1,... ,k },  ~‘ satisfying

([4.l)--(4.3) and n > N define the procedure
— a

pci

-—- - - - - t___ _ _ ___ -  - —.~~~~~~~~~~—. -——- -~~~~~~ 5-—- . -- __ _ ____  -~~ - -5- -- -- - ---—5- ___ _____ _ _
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R
2
(s,~~,n): Take independent random samples of size n from each popula-

tion and select ¶T~ <-~~> T. > max fT[k +1]’ ~p
1(T
[~]
)} where

— 
- T[1] < . . .  < T

1~~ 
are the ordered values of the sample

a-quantiles T1,. . .,Tk.

Design Requirement: Given P* C(t/k,1), 1 < t < k, 1 < s < k-t+1, ~‘

and 0 < c~ < 1 (0 < d~ < co) determine the smallest n > N so that
— a

(4.4) PF[CSIR (s,~~,n ) ]  > F” Y E  C 0~ (0 )
2 — t

where the event [CSIR 2
(s ,~~,ri)] occurs 1ff at least one preferred 

~~~

.

is selected .

Remark 4.1. in this formulation n. is preferred <~~~> x (F.) >

C”X (F
[k t+l]

)(X (F
[k t+l]

) - dC) in the star (tail) ordered model.

However ~nly the goal corresponding to r = 1 of Section 3 is discussed.

The monotonicity arguments ised below in establishing the infimum of the

PCS are invalid when r > 1. When R2
(k-t+l ,V ,n) selects ~:- t+1

— 
- populations a correct selection automatically occurs and when s = 1 the

rule reduces to R
1
(1 ,n). The results in Sections 4.2 and 4.3 are valid

for I < t < k and I < s < k-t+l. The case s k—t+l can be

easily analysed by straightforward arguments similar to those developed

- 
- below.

4.2 Selection from Star Ordered Families

Given a c(0,1) choose G as in Section 3.2 and for 1 < t < k

def ine 0*, Q
*( i ) , ~~~~ and 0*

(i ,~~) by ( 3 . 6 ) , ( 3 . 9 ) ,  (3.10) and (3.11)

respectively . Clearly PF[CSIR 2
(s,V ,n)] = 1 V C Let

- - - - -~~- 5- - -  —~~~~~~- —~~~~~~ —— - — - —  — —~~ ~~~~~~~~~~ •5~~~ _ __ _ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _________ __________
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I Ct ,... ,k - l }  and for i C I and C 0~( define W~ = max {T(k . l)~
.. .

and

{W . ~ at least (k-s+l-i) of T(1)3. ..

(4.5) B. = W.p
C
~~~ > max {T ( . ) I 1 < j < k-i}} , t < i < k-s

{W .~
e(m) 

> max{T~~~ ~1 < j < k-i) , k-s < i < k-l

where as before T(i) is the sample a—quantile with cdf F[i]. Then

Vi C I and C 0., P
~
[CSIR 2(s ,V,n

)] = P~[B.]. Furthermore the events

{B~ } form a nondecreasing sequence and PF[B i
] = EF[xB (~~

)] is nonincreasing
- 

5’, 5’. 1

in any of ~~~~~~ . ,F[k i] and nondecr’easing in any of F[k i÷l],. . .
• under <

St

Lemma 4.1. inf PF[CSIR 2(s,’P,n)] mm inf P[B.].
5’. id 0~.•(i ,l)  ~

Proof. It suffices to show inf P [B.] = inf P [B.]. When k-s+l < i < k-i
— —

3nd F C ~~~~~~ then

P~LB .] = PF[max{T (.)P~~
”
~
/
~~

Ik_ i+l < j < k} tnax{T( . ) /~~I l < j < k—i)]

P~ ,[B.] where ~‘(x) = (F(xU,. . . ,Fk(x
~
)) is in 0~

(i,l)

as noted in the proof of Lemma 3.1. The proof for the case t < i < k-s

is similar.

Mow the events CA 1) and {B. }  possess similar monotonicity properties

and so the argument previously used in the const ruct ion  of the lower bound

F~ remains val id and yields 

—- - .: —-5---- -~~~~ S -- . .~~~~~~~~
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(4 .6 )  inf PF[CS I R 2 (s ,M~,
n ) ]  > P

~~~~
[B

~
] R~ (t ,s ,k ,a ,c*) = R *, say,

where F(t) is defined in Section 3.2.

The lower bound will now be evaluated . Let T[q] be the q~~ ordered

- 
- 

sample ct-quantile, V {k-t+1 ,. . . ,k }, ~ Ci ,... ,k-t}, for q > t let H

CS q 11 < v < ( k_ t )} be the collection of all subsets of size (q- t)  fromv — — q-t
D~ and let = - S’-

~. Then
V

k
R~~ = 

q k-s+l ~(t)~~t 
= T

1q1
; B

~
]

= 

q k~s+l j k~t+l 
P
~(t)

[W
t 

= T
(~~) 

T[q] ; T(~~)P
e (m )  

~ 
max T (m ) ~ l ~ m ~ k- t} ]

k k ~~~~
= 

~~ ~F(t) 
r T( t )  < T( . )  V t  C S~ U V~ {~~}

q k-s+l j k-t+1 v 1  “.

L
T ( . )  < T~~~ < T

(~~)P
e ( m )  V t

~ (
k:t

)J {B(F (yj0~~) ) }~~ t
{~ (F~ ~~~~~~~~~~~~~~~~ (yJ1))}

t

q k ~ s+1~~ 

, 
~~~~~~~~~~~~ :.))}~~t{3( .(

G ( )  ) )  -

.

q k— s+ i  q G(c~~) 
c

B(G( 0~~~. ))}~~~~ d {B (y ) } t

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - Bt(a)}

where 0 F(y ) B~F YP
e ) _ B F Yfl. As in the case of R1

(s,n)

this lower bound is tight. • 
-

-—-

~

-- 
-—-.
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2Theorem ‘4 1 inf P
F[CSIR 

(s,’Y ,n ) ]  R
n

0. ‘~,

The computat ion of u r n  P F [CS~ R 2 (s ,~~,
n ) ]  for the sequence {F~)

J-~~ 5’,J
d isplayed in the proof of Theorem 3.1 yields the result . Furthermore

~

‘ 

R~ -‘ 1 as n -
~~ and ( 4 .4 )  can be guaranteed by finite n for any

< 1.

Example 4 .3 .  When 0..~ is the class of all continuous IFRA distributions

(G(x) = 1 — e
m(1

~~~~ then R*(l ,s,k,a,c*) becomes

~ (k~l) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- B(l_ (l~x) l/C ) )~~~

q k-s+l q

(.7) dB(x) + {~~(1 ( 1 ) l/c )}q~l{1 - B( a)} x

e(n)/~~ *
{B(l-(l-a)~ 

IC 
~ 

- B(l_ (1_a)l/c )) k-q

Tables of the smallest odd sample sizes required to satisfy (4.4) were

computed from (4.7) based on p = 4 and e(n) = iiI~ for a = .25, .50, .75,

c~’ .65, .70, p* .75, .90, .95, k = 3(1)9 and s = 2(1)min{’-4 ,k-l}.

4.3 Selection from Tail Ordered Families

This section studies the design problem for R2
(s,’V,n) whet,

F ~ 0 and ‘I’ (~~) = - e(n) where {e(n)} is a sequence of positivo
5’. t n

numbers decreasing to zero. The developments follow from modifications

of the arguments of Section 4.2 along the lines of Section 3.3 and hence

only the final results will be stated .

~~ 
—— -

~~~~
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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k -

c~ = .65 c~ .70 6.
_____________________________________________ _____________________________________________ 

4-

k s .75 .90 .95 .75 .90 .95

3 2 27 71 107 ‘-43 103 155
‘4 3 31 75 115 ‘47 111 167
‘4 2 35 83 127 55 123 183
5 ‘4 35 83 127 51 123 183
5 3 39 87 127 55 123 187
5 2 43 95 139 65 139 203
6 ~4 39 91 135 59 131 195
6 3 43 95 139 . 63 135 - 199
6 2 51 107 151 75 155 223
7 4 ‘43 99 143 67 143 207
7 3 47 103 l’47 69 147 231
7 2 57 115 163 85 167 235
8 ‘4 47 103 151 71 151 219
8 3 51 107 155 75 159 223

: 8 2 63 123 3.71 93 179 251
9 4 51 107 355 77 159 227
9 3 55 115 163 83 167 235
9 2 67 131 179 99 191 263

t ___________ — ——  —5-—— ___________________—.——

Table 4.1. Sample sizes required by R2(s,’~,
n) when selecting from

when 6(x) = 1 - e X with p = 4, e (n )  = l/v~ and

a = .25.

5- — _ . _ ~~~~_ 5 - _ 5 5 -~~~ _ . . . — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~ _ _ _ ____~s - 5-~~~~~~_•~5- _~l1I4
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_________ 
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.65 c~ .70

- P~ p~:

k S 
~75 .90 .95 .75 .90 •95

3 2 11 31 49 17 45 71
‘4 3 11 31 49 17 ‘47 73
4 2 15 39 59 23 55 83
5 4 13 33 53 19 49 77

- 5 3 13 35 55 21 53 79
5 2 19 45 65 29 65 95
6 14 15 37 57 21 55 83
6 3 17 39 .61 25 59 87
6 2 23 51 73 35 73 105
7 4  17 39 61 25 59 89
7 3 19 43 65 29 63 95
7 2 27 55 79 39 81 113
8 ~4 19 43 63 27 63 93
8 3 21 47 69 31 69 101
8 2 31 59 83 45 87 121
9 ‘4 19 45 67 20 67 97
9 3 23 51 73 35 75 107
9 2 33 63 87 ‘49 91 127

_ _  _ _ _ _ _ _ _  _ _  _ _ _ _ _ _ _

Table 4.2. Sample sizes required by R2
(s,~~,n) when selecting from

- . ~~ when 6(x) i - ~~~ with p = 4, e(n) = 1/v’n and

a = .50. 
- 

•

I 
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• c~ .65 c~ = .70 —

p*

k S .75 .90 .95 .75 .90 .95

3 2 7 23 35 11 31 51
‘4 3 -7 23 35 11 31 51
‘4 2 11 27 143 17 39 59
.5 4 7 23 35 11 35 51
5 3 11 27 39 15 35 55
5 2 15 33 ‘47 21 ‘-47 69
6 4 11 27 39 15 35 55
6 3 11 27 ‘43 17 4]. 63
6 2 17 37 53 25 53 77
7 14 11 27 ‘43 15 39 59
7 3 13 31 147 19 ~45 67
7 2 21 41 57 29 59 83 - 1
8 4 13 31 43 19 ‘43 63
8 3 15 33 149 21 ‘49 71
8 2 21 ‘43 hi. 33 63 89
9 4 13 31 147 21 47 67
9 3 17 37 53 25 53 75
9 2 25 47 65 37 67 93

Table 4.3. Sample sizes required by R
2(s ,V ,n) from 0.~ when

G ( x )  = i — e
X 

with p 4, e(n) = l//~ and a = .75. 
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r Theorem 4.2. inf P[CS~R2
(s ,~~,n)] = P~ (t)

[B
t
] = Rt where ~(t)

is as in Theorem 3.2 and R = R(t ,s,k,ci,d ) iS given by

(
k
~
t
) J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1

q k-s+i q G(—d”)

B ( G [G 1[x] + ~*))} k~~ d {B (x ) }t

+ CB(G [d~])}~~
t{B(G[e(n)+d*]) - B(G[d*]) }~~9{lB

t()}

Furthermore Rt -~ 1 as n -~ ~ and so (4.4) can be guaranteed for any p* < ~~ •

Examp le 4.4. If consists of all configurations with continuous

components having “lighter” tails than the logistic distribution then

G(x) [l + exp(- (x - tn[(1-a)/a]))]~~ . The lower bound R~ on the

probability of correitly selecting at least one it . having a-quantile

within d~ of the largest cx—quantile (t l) is

-k
r k-i 1 x q—l X
L ( ) I {B( -*) }  {B( r .. ,) —

q-1 j -d -Ld” -t-e(n)j
q=k-s-t- l 

__________ 
x-i-(l-x)e x+(l-x)e

B(— ~
x+(1-x)e

+ (BC 
a )} q~ l{l B( )} x

a+(l_a)e d

- 

{B(
a+( l~ a)e~~ d~

+ e (n ) ] ) - ~~~~~~~~~~~~~~~~
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5. Properties of R1Cs ,
n) and

The purpose of this section is to describe some small sample performance

characteristics of R
1

(s ,n )  and R
2

(s ,~~,n )  i n l uding ( I )  the effect

of skewness and kur tosis of R
1

(s ,n ) , ( 2 )  t h c i r ’  monotonici ty proper ties ,

~3) their performance as c~ -~ 1 and some lai-~~ ~ im~- .Le properties including

( 1) a study of the number of populations selected by P~, (s ,’P ,n) and

(2) a proposal for choosing the sequence ‘1’.

The first set c~ r- :-c- ults show that the more skewed or the heavier the

tails of cn e component F 1 ’s the smaller the probability of correct

selec t ion using R
1Cs ,

n). The analysis follows Doksum (l96’~
) who used

wea k orderings to study the effects of skewness and kurtosis on the power

of monotone rank tests. It has previously been established in Remark 3.2

that the “closer together ” the preferred and nonpreferred populations are

sY : h a st ically, the smaller the PCS. In studying the effects  of skewness

and kur tos is  it is necessary to eliminate ti is stochastic effect by restrict-

—— ing attention to configurations of distr ibutions d i f fe r ing  only in scale

or location. In this set up the result ing scale or location parameters

are measures of “ stochast ic distance. ” For 1 < t < k and

j  C I {i ~ t < 1<  r+ k— s } let V 1 = (6 l~~~~6 k ) I~ > 

~ l ~-~~2 >

~~
— 

a k-i  = 1 6 k~~ +l ~~~~~ 
6k > 0 and c” 6 k t+l 

> c o k . 1} and for

F C F and A .  C V .  let F ( A . )  (F , F , . .. , F ) where F Cx) = F(6 .x).0 •-“ i  1 “. “.~ ~ l 6 2 6 k 6 .

R - marc 5.1. If F c F 0 has F(~~) c~ thcn X a
(F

6 
) = .. Hence

I
contains exactly i preferred pop u lat ion s and ~~~~ = F

5
J

Theorem ~.l If F, H C F 0 satisf y F <S,, H and ei ther H ( x )  < 1 V X ~ R

or F ( x )  < V x C R then V i C I and A .  ~

- - .- - - -
~~~
----- 

~~~~—— ~~~~~ ---5-— ---- —- -5 .- -5--— -
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1 -
~ 

- 
PF (A ) [CSIR 1(s,n)] > PH ( A ) [C S I R 1(s ,n ) ]

- - ~j 5 ’ ,i

Proof. Suppose T( . )  has cdf B(F
5
), 1 < < k, and define

(5.1) Ti.) = [B(H)] 1 B(F ( T ( . ) ) )  = H 1F(T ( . ) ) and

(5. 2) T~~ ) = [B(H
6

)]
~~ B (F

5
(T ( . ) ) )  H~~ F (6~ T ( . ) ) / ó 1.

It follows that T’~ has cdf B ( H  ) for 1 < j  < k and V . =C ) )  — — (k—i)

has cdf B(H) since S • = 1.(k—i) k—i

Since C (0 ,1) for k-i+l < j < k it follows from Lemma 2.2 that

( 5 . 3 )  T i . )  = H
1F(T(.)) > H 1F ( 6 . T ( . ) )/ 5. = T~~ )

provided T . and 5. T . c R~(F). Now 6.T . has distn B(F) henceC i )  j  ( j )  (j )  —

6 . T  . C R
t(F)  a.s. (F ) . If F(x) < 1 V x < then T . c R~(F)j  (j )  Si (j )

— (0,~~) while if H(x) < 1 V x < ~ then T(.) ~ R~ (F )  > F(T
(~~)
) =

1 > V . = H
1(l) = ~~~. In either case (5.3) holds a.s. (F ). Since

(j )  S
i

I < 6 .  for 1 < j < k-i it also follows from 0 < T( . )  < S
i

T (j )  that

( 5 . 4 )  T i . )  = H 1F(T ( . ) ) < H
1
F(S.T( . ) )/ 6

1 
= T~~~~)

holds a.s. (F
6
).
I

Because xA ( )  depends only on the ranks of the T( . ) ’s and

H
1
F(•) is strictly increasing on 1(F) and nondecreasing on (0,~’) it

can be seen that
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F

(5.5) ~~~(T (1)$.. .~
T(k)) = ~~~~~~~~~~~~~ ~

T
~ k )

) hence

( 5 . 6 )  ~~~ (T ( 1)~~. . .  ~
T (k ) ) > ~~~~~~~~~~~~~~~~ ~T~~~ )

)

holds a.s. (~ (~~ ))  from (5.3), (5.4) and (5.5). Taking expectations

of both sides of ( 5 . 6 )  wrt F( A. ) and recalling that T’~ has cdf
‘-‘. 5”]- (j )

B(H
6 

) completes the proof.
I

Remark 5.2. If R~(F) = (0 , b
~~

) and R~ (H )  = (O ,bH
) where max(bF,bH) < 

~~

then (5.3) need not hold for S. C (0 ,1) and hence the proof is not

- 
- 

valid in this case.

The results describing the effects of kur Losis on P
~
.[CS R1

(s ,n)]

will now be stated. For F, H € F recall that F .<~ H means that ‘-i

has heavier tails than F. For 0 C R and F c F let F
0
(x) F(x+0)

and for i C I define F . = {®. (O l,...,Ok
)joo > 01 ~~~ 

02 ~~ 
... 

~~ °k—~. 
= 0 >

-
~~ 

8k 
> d~~~ 0

k-t+1 
> 0

k-il-1 
- d*) and for F C F

and C let ~(~~ ) (F 0 ,. . . ,F0 
). The configuration ~(Q~) contains

1 k
*

exactly i a-preferred populations. The following theorem shows the

heavier the tails of the population distributions the smaller the probability

of a correct selection.

Theorem 5.2. If F, H C F satisfy F H and either F(x) < 1 V x C R

or H(x) < 1 V x C R then V i C I and 0. c F .
,~.i 1

P~ ( 0 ) [C S J R 1
(S~ f l) ]  > P

H(o )
[CSjR

1
(s ,n)].

5’, ,‘.1

Remark 5.3. The proofs of Theorems 5.1 and 5.2 are not valid for the

procedure R2Cs ,W ,n) 
because the characterist ic functions of the events

B~ do not depend only on the ranks of the T(.)’s.

U - - - - -- -- - -~~~~~ —— - ~~~~~~~~- --5- -~ -- ~~~~~~~-~~- - —--‘5 - ----- ~~— --5- -~~~~~~~~---~~~~ ~~~~~
- —~~~~~~~~~~~-~~— 



5------- 5—-— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 

~~~~~ ~~~~~ —‘~
-TLT;: z_ 7T~~ —-~ 

—

~~‘ ‘~‘.~‘ “~~ ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

41

The monotoricity properties of R1
(s,n) and R

2
(s,’1’,n) will next

be invest igated . Fix any r , 1 < r < min{t ,s} when referring to R1
(s,n)

and r l  when referring to R2
(s,’!’,u). Given an arbitrary seJ> ~ct ioii

procedure ~‘ and any integer i satisfying r < I k let

( 5 . 7)  PF[S .I P ]  = 

~~~~~~ 
selects at least r of 1T

(~~ )~~~
••
~~

Tr(i )
l

“. 1 1

for any S. {j , . . . , j . }  C (1, . .  ., k} of size i. For a g iven S . let
i 1 i 1

• . ..  < ~~~ denote the o~Jered components of S~~.

Definition 5.1. P is monotone wrt 0 if f V i, ~ < i < k and F C 0
“.

P
F
[S .IP] < PF[S’.IPJ whenever 

~~
- k~] V t, 1 < $f, < I.

Recall that for a given set of configurations 0, ~(.) satisfying

(3.1)-(3.4) and t < 1< that 0(1), t < i < k , is the subset of 0 containing

exactly i preferred populations .

- - -: Definit ion 5.2 .  p is weakly monotone wrt 0 iff  V i , t < 1 < k and

F C 0(1), P [5.11’] < P [S
~ IP] whenever S. — (S. fl s~) C {l,...,k— i} andF i — F i i i i

- C S :  fl St - )  C {k-i+1 ,. .. ,k} where - denotes set subtraction.

Remark 5 •4• The standard definitions of monotonicity used in parametric

problems d i f fer  from those given here. In particular Definition 4.1 of

monotonicity in Santner (1975) is a specia l  case ( i = r = 1) of the

present definition. Also note that monotonicity implies weak monr tonic~ ty.

Lemma 5.1 Any procedure P in {R
1
(s,n)In > N }  or in {R2

(c ,’l1 ,n)jn >

m~’st satisfy P
~
[SiJP] 

~~
. ~~~~~~~~~~ 

V i , r < i < k and F, F’ C o ( F )  =

~~~ ~~~ 
C S. and Ft.) 

~st 
F[.J V i e 

~~~
. (1, . . .  ,k) - S1.

- -~~~~~~ - -~ ~~~~~~~~ - .- -  —-~~ - 5~~~- 
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The result is immediate since [S11R1
(s ,n )] [R

1
(s ,n) selects at least

r of lr ( . ) ~ ~ 
C S11 and [S.IR 2

(s ,’i~,
n)] = [R

2(s,’P ,n) selects at

lea st one of 1T
( i ) ~~ ~ 

C S1] are nondecreasing in any of T(~~)~ j C S
1

and noninc-reasing in any of T ( . ) .  ~ C S~~.

Some additional notation will now be introduced . Let

0st (F C 0(F)IF[1] ~st 
F
[2] ~st ~st 

F
[kj}.

{F C 0(F)Ix (F [k .] ) <

~~~~ a~~[k t÷l]~~ 
<

min{F
[~](Y)Il<~

<k-i} > m~Rc { F~,~~(Y)Ik-i<L<k } V y C R} 
. 

-

OR
( 1) -

for t < i < k - l

{F C 0(F)!n(x (F[k ~) )  < X(F[1])} for ik ,

k
and 0 = U 0 (1). Note that 0 C 0

R . R st R
i=t

Theorem 5.3. The classes of procedures {R
1Cs ,n)In 

> N J  and

tR 2Cs ,’~,n)In ~ 
Na} are all monotone wrt any 0

1 
C0~~ and weakly

monotone wrt any 0
2 

C 0
R~

Proof. To show monotonicity it suffices to consider the following case.

Fix F c 0
l~ 

r < i < k , Si 
C {1, . . . ,k } , j C S~ and m > 

~ 
with in C S. and

let S1 = S~ U {m}-{j}. Lemma 5.1 implies
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(5.8) PF
[Si IR l

(s ,n)J = P[S.1R
1
(s,n)]

(F [1]
~~

. ~~~~~~~~~ ~
F[m]~~ 

. ~F~~~~)

< PLS.jR
1
(s,n)]

(F
[1]~~.. ~~~~~~~~ ~F[ ]~~.

= P [S11R
1
(s,n)]

( F
[1]~~

.. ~F[ ]~~. . ~F[m]~ •~

< P CS! jR
1
(s ,n)]

Since R
2
(s,’I~,n) satisfies Lemma 5.1 t he same p roof also shows that it

is monotone wrt 0l~ 
The proofs that R

1
(s ,n) and R

2
(s ,’V,n) are

weakly monotone wrt 02 are similar.

Remark 5.5. In most parametric selection problems where the scalar of

interest, say A ., is estimated by 
~~ 

having cdf F(.1A 1
) the following

holds: < => F (.jx.) <
St 

F(.(~~.) and hence the stronger property of

monotonicity holds. However x (F.) < x (F.) #> F. < F. and hence the

property of weak monotonicity i: introdu:ed here. An :xarnple will be

given later to show that neither R1(s,n) nor R2(s,V ,
n) is even

weakly monotone wrt ~z ,.. or 0.,~ -

Remark 5.6.  Since F1 c F  for any internal I C R , Theorem 5.3 holds if

and 0k dL’C defined as the appropriate subsets of F~ rather than

Fk .

The next result, obtainable from straightforward computations, describes

the behavior c-n the infimum of P[CSIR
1

(s ,n)] over as c~ increases

to 1.

Lemma 5.2. u r n  inf P[CSIR1
(s ,n)] = B[B[a]; k—t-s+r , k—ti x

(1 - B [B ( a) ;  t-r+l , t ])  < (k-t-s+r-l)(~~~ ) ~ 

-—~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~ —- -~~~~~~~~~~~~~~~~~~~~--~~~•-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—- -- -‘ -—5
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When r=t the right hand side reduces to which is the

probabi lit y of making a correct selection by randomly selecting s popula-

tions when exactly t are preferred. So for any fixed sample size n > N

there exists c~
’e sufficiently close to 1 and an F c Q.,.(t ) for which

~
‘F[CSlR l

(s,
~~

)] < P~~[CS 1 choose s populations at random]. To gain an

intuitive fe~el for this result choose an artitrary F C o~(t,
l) .  Then

V x c [c*,l]

(5.9) F[.] (x )  > F[i](x) y 1 < I < k-t and k—ti-l < i < k.

However ( 5 . 9 )  need not hold for x 4  [c~ ,l]. In fact given ~ > 0 there

exists F = F C c )  c 0~..(t ,l) such that for all x 4 Cc~— e , li-c]
5’, ,

~

( 5.10) F[.] (x )  < F~ .~ (x )  V 1 < < k-t and k-t+l < 1 < k.

In such a case unless n is suff icient ly large to detect the situation

in [c~ ,1] the procedure R1(s ,n )  will tend to reflect (5.10) and choose

populatic’ns in (11( 1) , . . .

The preceding argument can be used to show that R1
(t,n) is not

weakly monotone wrt 0.... For rixed n and c~ sufficiently close to 1

choose F C 0,.(t) such that

(5.11) PF
[C
~~

Rl
(t,n )] = PF[)~f lRl(t,n)] < l/ (~~)

~t
l

where = {k—t÷l ,.. . ,k}. Let {
,~,
(~~ )j l  < 2~- < (~~) )  be the collection of

all sets of size t from {i,... ,k}. Then 

— -~~~5-~~~~~~~~~~~~ 5- -—-~~~~~~~~~ - - - -—- —~~~~~~~~~~~~~~~~~ -- -—-——~~~~~~~~~~~~~~~~~~~~ —5-- -
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- 
- 

(~~)
~ Pr[,~( 9 i I R i(t~

f l ) ]  1 and (5.11) ~~ > 1 a
R. =l  “ -‘

P
~
[i
~~
(2)jR

1
(t ,n)] > l/ (~~) > P

~
Ck

t IR 1
(t,n)]

and hence R1(t ,n )  is not weakly monotone. Similar examples exist when

• 

Q~ or R1(s ,n )  is replaced by 0~ or R 2 (s ,’f’ ,n )  respectively.

Some results will now be developed for the number of populations

selected by R2Cs ,~~,n). Let E(i,n) = [T(.) > max{T[k +1]’ ~~
‘(T [k] )}]

be the event that 11(i) is selected , P(i,n) = EF[E( i,n)] and

S(n) ~ x (~~) the number of populations selected by R2
(s ,’l’,n). It

i l  E(i,n)

is straightforward to obtain an expression for EF[S(n)] for arbitrary
5’,

F based on this representat ion for S(n).

For all F C F and a C (0,1) it is well known that

where T(1)~~ has cdf B[F(y);q,n](n > N). The following results are

a direct consequence of this fact and the proof of Theorem 5.2 and Corollaries

5.1 and 5.2 of Santner (1975).

Theorem 5.4. For any F C 0 (F) 3 Xa(F[k]) >

( 1) 
~~~~~~~~~~~~ 

(~ : ~ 
< k 1 

as n ~

L2(2) Z.Cn) -~~ f1 , 1 = k 
~ 

as n -
~ and H

‘.0 , l < i < k ’

2 L2

-

~ 

- 
( 3 )  S(n )  —

~ 1 and E [S(n)]-~l as n -
~ where —‘ denotes

• convergence in the L2 norm .

The final topic of this section is a proposal for choosing the constant

P C (l ,~~) when the sequence V (~~) = ~~
e(n) is used to determine the rule

R2
(s,’P,n). The discussion is limited to the star ordered ca~;e but similar

results hoLd for the tail ordered cese.
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Let [ NP S I R 2
(s ,~’ ,n ) ]  = [R

2
(s ,’~’,n) selects at least one non preferred

population] and for P c  (l ,~~) let n (p) be the smallest n > N

satisfying both

(5.12) inf PFCCSIR 2
(s,’1

~
,n)] > P~ and

0
* 

‘
~

(5.13) sup PF[NPS1R 2
(s ,’I

~
,n)] <

0
~~

for specified c~ C (0,1) and P’~ C Cl/k ,l). The optimal choice of p

minimizes n(p). Arguments similar to those of Section 4.2 show the

supremum of (5.13) occuz’~ ~ L ~(l ,l). Calculation gives —

(5.14) PF(l l)
[NP SIR 2

(s,
~
,n)] l_J {B(F~

,
~ (y/P

e )ic *) ) } k 1 dB(F
*,5

(Y~l ) )  
-

— 

‘ 

1 - J1~ 
[B(G(y/c *p~~~~ ) ) ]~~~dB ( G(y ) )

c p

= - EB (G(l/c*p
l ) ) ]k~~ [1 - B( a) ]  ~~~~~~~~~ 1

I

* i//i:;1 ,c p  < 1

Remark 5.8. For fixed pc (1,”) the righthand side of (5.14) converges

to zero as n -
~~ ~ and hence V &~ c (0,1) a n > N satisfying (5.13).

For each p c (1,m) let n1
(p) be the smallest n > N satisfying

(5.12) and let n2
(p) be the smallest n > N

a 
satisfying (5.13) .  Since J

both sup PFCNPSlR 2
(s ,

~
,n )] and inf PF[CSIR 2

(s,’V ,n )] are nondecreasing ‘

0
*

”. 0~,, “.

in p it follows that n1(p) is nonincreasing in p and n
2
(P) is .

nondecreasing in p. An optimal choice of P is P~ such that

Si 
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i t

(5.15) max [n1
(p~ ),n2

(p’~)} = mm maxiri1
(p),n2

(p)}.
l<p<~

- The solution of (5.15) can be obtained via the same techniques employed

in the construction of Tables 4.1 - 4.3 (see Hooper (1977)).
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know n to belong to some specif ied ordered family . The general problem

is to oesign an experiment to select ir~ ’s having large (small)

ci-quantiles. A preferred population is defined to be any population

with ci-quantile “near” the t~~ largest ci-quantile 
and a correct se’ection

occurs if t~ie subset of populations 
selected contains at least a

prespecified number , r, of preferred populations. The design problem

is solved for both fixed and random subset size selection procedures

under star and tail ordering . Tables of the sample sizes required to

guarantee ?respecified minimum probabilities of correct selection

are given for the case of selecting from continuous IFRA populations.

Comparisons are made with the procedure used in selecting from

F exponential populations. Properties of the proposed rules are discussed .
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